For well-known three orderings (normal ordering, anti-normal ordering, and Weyl ordering) in Quantum Physics, we give a simple proof for the intertwining formulas among them. Moreover, for the creation operator a † and the annihilation operator a of a harmonic oscillator, we show Weyl ordering expression of (a † a) n as different types of polynomials with respect to the number operator N ≡ a † a. Nontrivial relations including the Stirling number of the first kind are also obtained.
In fact, for all n = 1, 2, · · · , we can show : (a † a) n : W as a symmetric polynomial of the form like these examples. It is a very clear-cut expression of Weyl ordering.
The contents of this paper are as follows. In section 2, first we prepare some facts about normal and anti-normal ordering. Next we give an integral expression of Weyl ordering, which is very useful in considering various expression of Weyl ordering. Then, we give a simple proof for the intertwining formulas of orderings. In section 3, we describe relations including the Stirling number of the first kind. These relations are derived from the noncommutativity of harmonic oscillators and are needed in the following section. In section 4, we show a symmetricpolynomial expression of Weyl ordering. In section 5, we summarize our results and discuss subjects to investigate.
A Simple Proof for the Intertwining Formulas of Orderings
First we prepare some facts about normal and anti-normal ordering.
Lemma 2.1. We have following formulas using the number operator N = a † a;
Proof. By using simple relations
we have an induction foumula
Therefore we obtain (2.1) by the mathematical induction. We also obtain (2.2) in a similar way.
The next proposition is very useful in considering various expression of Weyl ordering.
Proposition 2.2. We have an integral expression of Weyl ordering.
The proof is straightforward by using the orthogonality of {e kiθ } −∞<k<∞ . Now we give a simple proof of the intertwining formulas (1.4), (1.5) by using the proposition 2.2. Proposition 2.3. We can show Weyl ordering : (a † ) n+m a n : W in terms of normal ordering.
Noting that
we obtain e 1 2 
Proof of the Proposition 2.3.
(choose the λ 2n+m term)
where we used the fundamental Baker-Campbell-Hausdorff formula (see [6] ) By a similar calculation, we obtain the next expression using anti-normal ordering.
Proposition 2.5.
we obtain e
which implies the intertwining formula (1.5).
Corollary 2.6. In case of m = 0, if we use (2.2), we obtain an another expression of : (a † a) n : W in terms of the number operator N,
Relations Including the Stirling Number of the First Kind
First we define the Stirling number of the first kind and calculate some of them explicitly.
Definition 3.1. The Stirling number of the first kind s(n, i) (i = 1, · · · , n) is defined by the following equation [7] ;
We remark that the definition above implies the following equations. We use these equations later.
and we substitute x + m + 1 for x in (3.2),
Moreover, on account of s(n + 1, i + 1) = 0 (n < i) and i C l = 0 (i < l) as a generalized binomial coefficient,
Therefore we obtain some useful relations
We can obtain the Stirling number of the first kind explicitly by the following recursion formula and initial conditions.
For example, if we set i = n in (3.6), then
Next, since
we have
Next we shall describe nontrivial relations including the Stirling number of the first kind. These relations are derived from the noncommutativity of harmonic oscillators. 
(for i = 1, 2, · · · , n + m + 1), and for n > 0 and m = 0, 1, 2, · · · , we have
Proof. We shall express : (a † ) n+m a n : W (where m ≤ 0) in two ways. First, by the proposition 2.3 and the lemma 2.1,
where we used (3.3), s(n + m + 1 − k, i) = 0 (n + m + 1 − k < i) and l−1 C i−1 = 0 (l < i) as a generalized binomial coefficient.
On the other hand, by the proposition 2.5 and the lemma 2.1,
where we used (3.1), (3.2), s(n+ m+ 1 −k, i) = 0 (n+ m+ 1 −k < i). Since these two equations are equal, for i = 1, 2, · · · , n + m + 1, we have n+m+1 l=i (m + 1)
That is
In case of m ≥ 0, we obtain the relations (3.12) by a similar calculation.
Remark 3.4. For the relations (3.11) in case of m ≤ 0, if we substitute n + m, −m for n, m respectively, then we obtain the relations (3.12) in case of m ≥ 0.
The following corollary is used in a symmetric-polynomial expression of : (a † a) n : W with respect to a † a = N and aa † = N + 1.
Corollary 3.5. We have
Proof. In (3.11), if we set m = −1, then
Therefore, if i = n − 2j − 1 (j = 0, 1, · · · ), then (−1) n−1−i = 1 and we obtain
It seems to be difficult to prove (3.11), (3.13) without using the noncommutativity of operators.
Remark 3.6. The relations (3.11), (3.12) are not independent with respect to n, m, i. For example, when m = 0, if we set i = n − 2j − 1 and use (3.4), (3.6), then we recover (3.13) (i.e. m = −1).
A Symmetric-Polynomial Expression of Weyl ordering
We have expressed : (a † a) n : W as a polynomial of the number operator N in two ways, namely normal ordering expression (2.7) and anti-normal one (2.12). Moreover, we have a symmetricpolynomial expression of : (a † a) n : W with respect to a † a = N and aa † = N + 1.
Theorem 4.1.
where the constants α(n, i) are defined by
and we have α(n, 2j + 1) = 0 (j = 0, 1, · · · ).
For example,
and by using (3.7), (3.9) and (3.10), we have easily
We remark that if we set n = 1, 2, 3 in (4.2), (4.3), we recover (1.6), (1.7) and (1.8).
By a similar calculation, we have
. . .
where we used Mathematica.
Proof of the Theorem 4.1. By the proposition 2.3 and the similar calculation of the proof of it, where we used s(n − k, i) = 0 (n − k < i).
If i = n − 2j − 1 (j = 0, 1, · · · ), α(n, 2j + 1) vanish because of (3.13).
And if i = n − 2j (j = 0, 1, · · · ), since (−1) n−i = 1, we obtain the theorem 4.1.
Discussion
For well-known three orderings (normal ordering, anti-normal ordering, and Weyl ordering) in Quantum Physics, we gave a simple proof for the intertwining formulas among them by using the fundamental Baker-Campbell-Hausdorff formula. Moreover, we showed Weyl ordering expression of (a † a) n as different types of polynomials with respect to the number operator N ≡ a † a (2.7), (2.12), (4.1). Nontrivial relations including the Stirling number of the first kind (3.11), (3.12) were also obtained. These relations seem to include some group-theoritic or soliton-theoritic meaning. This is now under study.
